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Introduction

How to formalize knowledge was one of the first questions raised by philoso-
phers. The main tool used so far to this aim is logic: in philosophy and
mathematics, there is no doubt that a deep understanding and a correct use
of it prevent us from some fallacious or vicious arguments.

In recent times, logical questions have become central in another field of
study: informatics. We should think not only about computability theory
or programming languages because logic is also used to control, verify, and
guarantee that the algorithms that we design will work as we expect: this is
the goal of program verification.

The role of logic is even more central if we think about artificial intelli-
gence. The golden goal of Al researchers is to build a machine whose rea-
soning abilities will overcome humans and we are moving closer and closer
to this revolutionary moment: think about ChatGPT, Bard, AlphaGo, or
AlphaGeometry. Another aim that the most ambitious are pursuing is the
design of a artificial general intelligence (AGI): an agent that not only as-
tonishingly performs a precise task (like playing Go for AlphaGo or solving
mathematical problems for AlphaGeometry) but one whose area of expertise
is wider, as a human being; an agent that can understand the surrounding
world, that can decide what to observe and what to ask himself, that can
take actions and influence other agents’ behavior.

What should we expect from the existence of such intelligent agents?
Should we look forward to an AGI or should the thrill of playing with some-
thing (or someone?) over which we can’t have any control frighten us? De-
spite the answer that everyone could give to these questions, we think that
it would be very reassuring, even for the enthusiastic supporter, to have a
way that protects us from an eventual maleficient agent of this kind. This
is the aim of AGI safety, an interdisciplinary field of study that is aimed at
developing methods to ensure that these powerful agents will behave in a
human safe way.

This work finds its reason in some of the research agendas of this field.
Formalizing reasoning is one of the first ways that comes to mind to guarantee
that an agent will behave safely. But it seems that logic alone doesn’t fit in
for this task: indeed, we need also some tools for dealing with uncertainty,
in both the observing stage of the agent and the information processing one.
Some authors, then, thought about combining logic and probability: the
situation that we have in mind is an agent that tries to infer some information
from the collected /observed datas, by assigning a certain degree of belief to
formulas. This will be formalized taking “probabilities” defined on the set of
sentences of a given language, as it is shown in this work: the value assigned



to a sentence should be interpreted as “how much truth” we will recognize
in the statement.

We hope that even a reader who is not interested in AGI safety or regards
the design of an AGI as a remote event will find the topic fascinating both
in a mathematical sense and in a philosophical one.



Contents

I Probabiliti l o
(1.1 Measure-theoretic approachl . . . .. ... ... ... ... .. 12
(1.2  Gaifman conditionl . . . . . .. ... ... ... ... ... 16
(1.3 Non dogmatism| . . . . . . ... .. .. ... ... 24




CONTENTS



Chapter 1

Probabilities on sentences

In the following, we will consider languages £ that are countable, i.e. with
a countable supply of variables (xq,...,Zn,... O Yo,...,Yn,... or simply
x,y, z) and that can have at most a countable supply of constants (co, . .., ¢,)
predicate symbols (Ay, ... A,,...) and of function symbols (fo,..., fn,... Or
simply f, g, h,...). When the countability hypothesis plays a central role, we
will stress it, however. The logic that we will use is the first-order classical
one and the set of all sentences that can be built with the boolean connec-
tives (A, V, -, —, =) and the first-order quantifiers (3, V) with the non-logical
symbols of £ will be denoted with Sen(L).

The first intuition we have about probability on sentences will be formal-
ized by the following definition.

Definition 1.0.1. Given a language L, a probability on L is a map P :
Sen(L) — R such that:

(a) for every valid ¢, P(¢) = 1;

(b) if =(p A1) is valid, then P(p V) = P(p) + P(¢).

Example 1.0.1. We can consider a language £ and a £-model 2. We can
define the probability Py that assigns 1 to all the sentences true in 2 and 0
otherwise. This is a probability since:

e if  is valid, then it is true in 2 and, therefore, Py(¢) = 1;

e let ¢ and ¢ be in contradiction. Then A E =(p A1) and thus in 2 only
one among ¢ and 1) can be true. We have two cases:

— if V) is true in A, then Py (V1) = 1. Furthermore, at least one
among ¢ and 1 is true in 2 and, by the previous remark, exactly
one of them is, from which the condition b) of Definition is
satisfied;
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— otherwise, ¢ V ¢ is not true in 2 and so is ¢ and . Therefore,
Pa(p V1) = Py(¢) = Py(10) = 0, hence the thesis.

Actually, the just defined Py, is a truth-values valuation: therefore, this
example shows that all these valuations are nothing but probabilities on

Sen(L).

Example 1.0.2. Another example of probability is given by taking linear
combinations of the probabilities in Example [I.0.1} given some L-structures
2q,...,2, and some reals mq, ..., m, that sum to 1, we have also the prob-

ability
i=1

We can generalize the example above in the case of a countable quantity
of structures: we can choose some models {2, };cn and some weights {m; }ien
such that ), ym; = 1 and define a new probability P = >, _m; Py,. Spe-
cific examples of this form will be used in Theorem and in Theorem
1.5.2)

Perhaps, the reader has already encountered such examples of probabil-
ities in logics expressivity results. For instance, suppose that £ is a finite
language without functional symbols. Sinceﬂ for fixed n € Ny, there are a
finite number of structures of cardinality n up to isomorphism, we can define
for all n > 0 the (finite) set C,, of all the L-structures with n elements in the
domain. Therefore, for every formula ¢, let be

_|{2l€Cn:QU:<p}|

Pr(e) : 1,

These P,,’s are probabilities in the sense of Definition [L.0.1| and they are
actually linear combinations (with all the weights equal to ﬁ) of probabili-
ties of the form Py for an L-structure 2A.

The limit as n approaches to infinity of these probabilities may exist and
in this case it is also a probability. The 0 — 1 Law, for first-order logic,
states that for every formula ¢ € Sen(L£), the limit exists (usually it is called
asymptotic probability) and the possible outcomes are only 0 or 1.

The conditions above are sufficient to guarantee other properties of a
probability, as the Proposition [1.0.1| shows.

IThe absence of functional symbols is necessary for the proof of the theorem we will
discuss later in the example; we don’t need this assumption to have only finitely many not
isomorphic structures with a given cardinality.



Proposition 1.0.1. Let P be a probability over a language L. Then for every
0, and @; € Sen(L) the following hold:

1) P(mp) =1 —P(y);

2) P(p) € [0,1];

3) if ¢ is unsatisfiable, then P(y) = 0;
4) if ¢ — ¥ is valid, then P(p) < P(1);

5) if o =1 is valid, then P(p) = P(¢);

6) P(o A1) < P(Y) and the equality holds if ¢ is valid;

7) P(Vi_y i) < D0 P(y;) and the two terms are equal if the sentences
©1,- .-, n are pairwise contradictory sentences (i.e. for every distinct
i,j€{1,....,n}, ¢; A\ p; is unsatisfiable);

8) Pl V) +Plp Ay) =P(p) + P(1).
9) if P(yp) > 0, the map P(—|¢) : Sen L — Rxq defined by

P(o A1)

P(ply) = P)

s a probability.

Proof. 1) Since =(¢ A —¢) is valid, then P(p V —p) = P(¢) + P(—¢p). The
first term of the precedent equality is 1 because ¢ V = is valid, then
the thesis;

2) By Definition |1.0.1, P(¢) > 0 but also P(=¢) > 0. Thanks to 1), we
have P(p) =1 —P(—p) < 1;

3) It follows from 1) and the fact that the negation of an unsatisfiable
formula is a valid one;

4) If ¢ — 1) is valid, then so ¥ V =y is and therefore =(—) A ¢) is. By b)
of Definition [1.0.1]

P(=y V) = P(=¢) + P(p)

and therefore, using 1) and 2)

12 P(=p V) =P(=¢) + P(p) = 1 - P(¥) + P(yp),

from which the thesis.



10

5)
6)
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It follows from 4)

By the excluded middle principle, 1 is equivalent to (1) A )V (¢ A —gp).
Therefore by 5) and by the fact that ¥ A ¢ is in contradiction with
¥ A\ —p, we have

P) =P((b A o) V(P A =p)) = P(Y Ap) +P(Y A—p) 2 P A ).
In the case in which ¢ is valid, then 1) A -y is unsatisfiable, and by 3)

the last disequality in the expression above is indeed an equality.

Assume first that ¢q,...,, are pairwise contradictory. Then, also
01V V-V, 1 and @, are in contradiction and by b) of Definition

[L.0.0}
P(o1V---Vn) =P((p1V- - Vou_1)Vn) = P(o1 Ve Von_1) +P(on).

Then, it is easy to see that the thesis in the case of pairwise contradic-
tory sentences follows by induction.

In the general case, we can notice that

n n—1 n—1
Vei=\eivi=\ einen)
=1 i=1 =1

and that \/7—' ¢; and (= /7, @i A ¢,) are in contradiction. Therefore
by 5), b) of Definition and 6), we have

POV ) =BV @V (= V winon) =BV @)+ B(= V@i no)

<P(\/ ¢1) +P(en).

i=1
As in the previous case, it’s easy to see now that a simple induction
yields to the thesis.

We can notice that ¢ V 9 is equivalent to the formula ¢ V (= A ),
that has the two disjuncts in contradiction. Therefore

Plo V) =PlpV (mp AY)) = P(p) + P(—p A¢). (1.1)

Using that 1) is equivalent to (¢ A1)V (=¢ A1) and that the disjuncts
on this formula are in contradiction, we get

P(y) =Pl A) + P(mp A1) (1.2)
Combining Equation (1.1) and Equation ([1.2)) we have the thesis.
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9) The condition a) of Definition holds by 6). To show the validity of
the condition b), let ; and ¢, two sentences that are in contradiction.
Logically (¢1 V v2) A1) is equivalent to (1 A1)V (p2 A1) and the two
disjuncts are in contradiction by the hypothesis we are assuming about
1 and 5. Therefore

P((¢1 V p2) AY) = P(p1 Ap) + P2 A ),
and then

P(o1 V oal) = P((wlg(zj) ANY) _ Plpi A ¢I)P&1)p>(¢2 A )

= P(p1[Y)) + P(p2]t).

O

Remark 1.0.1. The condition 3) of Proposition can’t be inverted. In-
deed, it’s possible to find a probability P and a satisfiable sentence ¢ such
that P(¢) = 0. For instance, if we take the language £ = {0, S} where 0 is
a constant and S a unary function symbol, we have a model 2 = (A, 0%, S%)
defined by the following:

e the domain A of the model is the set {a,b};
e 0% is the element a;
e S% is the function that maps all the elements of A in a.

With the notation of Example [1.0.1, we can define the probability Py. For
every formula ¢ that is satisfiable but not true in 2( (for instance, the formula
“YrS(x) # 07 that is true in the standard model of arithmetic) we have
Py(¢) = 0, thus an example of a satisfiable statement with assigned a null
probability.

Remark 1.0.2. The condition 7) of Proposition is not an equivalence:
there can be a probability P on Sen(£) and two non contradictory statements
1, p2 with P(e1 V o) = P(p1) + P(¢2). As an example, we can take the
probability Py and the formula ¢ that we used in Remark [1.0.1] If we define
1 and @y to be , then these two formulas are not in contradiction and Py
assigns 0 to P(p; V ¢2),P(p1) and P(py), guaranteeing the validity of the
required equation.

Thanks to 9) of Proposition [1.0.1} we can define, whenever P(¢)) > 0, the
conditional probability P(—|1) as pointed out above.
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Furthermore, Proposition explains to us why the maps in Definition
are called probabilities and not simply measures: indeed, they can be
regarded as maps from Sen(L) to [0,1] and not to all R>g. Even if some
similarities with the usual notion of “probability” can be detected, the reader
with a more measure-theoretic approach will however have some trouble with
the use of this term for such functions: the following section is devoted to
the connection between these, for now different, concepts.

1.1 Measure-theoretic approach

In measure theory, to regard a map as a probability, we need some kind of
structure in the domain of this function.

Definition 1.1.1. Let © be a non-empty set and C C P(12).

e (C is an algebra if it is closed under all the finite boolean combinations
(finite union, finite intersection, and complementation)ﬂ;

e C is a o-algebra if it is closed under all the finite and countable boolean
combinations.

If C is a o-algebra [algebra] on Q, a probability on C is a map P : C — [0, 1]
such that:

e is non trivial, i.e. P(()) # P(Q);

e is finitely additive, i.e. for all n € N and for all disjoint elements

Al;---aAn inC,

-n n

Pl A)= ZIP(Ai)

e is [conditionally| o-additive, Le. if {A;}ien is a countable set of disjoint
elements in C [and if the union | J .y A; belongs to CJ, then P(lJ,.yA4:) =
ZieN P(Ai)-

From this definition follow some basic properties of a probability that we
don’t recall here in detail. For example, the fact that P(0) = 0, P(Q2) = 1
and that the finitely additive property is equivalent to the request that for
any disjoint A, B € C, P(AU B) =P(A) + P(B).

2We are including the empty union (i.e. () and the empty intersection (i.e. the entire
)
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In the case of a probability P defined on an algebra/c-algebra C on €,
we will usually say that P is a probability on €2, when C is obvious from the
context.

The conditionally o-additive condition is sufficient also to guarantee the
finitely additive one. However, we decided to explicitly point out this feature
in order to understand better the following proposition that we will use later.

Proposition 1.1.1. Let C be an algebra on ) and P a non trivial and finitely
additive map C — [0, 1]. The following are equivalent:

e P is a probability, i.e. P is also conditionally o-additive;

e for every family { A; }ien of elements in C such that Ay C Ay C Ay C ...
and that | J,cy Ai is an element in C,

P(| JA) = lim P(A));

1——+00
1€N

o P is o-subadditive, i.e. for every family {A;}ien of elements in C such
that |,y Ai is an element of C,

Z P(4;) > P(U A;).

ieN €N

The aim of the following is to understand whether there is a link between
the notion of probability on sentences and the one defined in the measure-
theoretic setting. In order to do so, we need first to detect a set 2 and an
algebra/o-algebra in the logical context.

The first idea that comes to mind is to consider the set Mod (L) of all
models for a language L. It is known that this set can be endowed with a
topological structure 7, defining as a basis

B={ACMod(L):3p e Sen(L) A= Mod(p)},

where Mod(¢p) is the set of all the models in which ¢ holds: in this way, an
open set is a (countable, since £ is countable) union of elements in B and so
we have a practical description of the elements in the topology 7. Actually,
the elements in B are not only open but also closed sets of the topology: this
is because Mod ()¢ = Mod(—¢p).

Furthermore, this topology is compact and this will be of very use in the
following theorems. A way to prove the compactness is to show that if we
have a family of closed {C;}; € I such that ),.; C; = ), then exists a finite
subset F' of I such that (), C; = 0. Two simple remarks get this proof



14 CHAPTER 1. PROBABILITIES ON SENTENCES

easier: in primis, a closed set is the complement of an open set, hence it is a
countable intersection of sets of the form Mod(¢)¢ = Mod(—¢) and then any
intersection of closed sets is a countable intersection of sets in B; in secundis,
since B is countable, we have only to show that if (1,2, Mod(p;) = 0, then
exists n such that (), Mod(y;) = 0, for every set {¢; }sen of sentences of L.
This is actually the standard form of the Compactness Theorem: if the set
{¢i}ien is not satisfiable, then it is not finitely satisfiable.

As it’s very common to do, denoting in general with F(A) the smallest
o-algebra that contains the elements in A, we can define from 7 the borelian
o-algebra F(T).

Actually it can be shown, using that £ is countable, that F(7T) = F(B).
Indeed, since B C T, surely F(T) is a o-algebra that contains B; furthermore,
it is the smallest one, because if we have a g-algebra C such that F(B) C C,
then C contains also T because it contains all the countable union of elements
in B and every open set in 7 is such an union (here the countability of L,
and hence of B is used).

The last remark will be useful in the following because B has a nice
measure theoretic property: it is an algebra. Indeed:

e it is closed under finite intersection since

Mod(£) = Mod(¢ — ¢)
Mod(p1) N -+ N Mod(gp,) = Mod(p1 A -+ A py);

e it is closed under finite union since

0 = Mod(p A —p)
Mod(p1) U -+ UMod(gp,) = Mod(¢1 V-V ,);

e it is closed under complementation since

Mod(p)¢ = Mod(—¢).

Hence, to sum up, we have Mod(L), an algebra B on it and the o-algebra
F(T) = F(B) generated by this: in the following, the latter will be called the
Mod (L) borelian o-algebra. The convenience of having described the latter
o-algebra as generated by an algebra (and not only by a topology) is clear
in the statement of the following theorem attributed to Caratheodory, Hahn,
and Kolmogorov.

Theorem 1.1.1 (Extension Theorem). Let C be an algebra on S, F(C) the
o-algebra generated and P a probability defined on C. Then P can be extended
in a unique way to a probability on F(C).



1.1. MEASURE-THEORETIC APPROACH 15

Now we are ready to establish the correspondence we talked about at the
beginning of this section. In the following, by a probability on Mod(L), we
mean a probability on the borel o-algebra F(B).

Theorem 1.1.2. Let P be a probability as in Definition on Sen(L).
Then, there is a probability P* as in Definition on Mod(L) such that

for every ¢ € Sen(L),
P(p) = P*(Mod(¢)).

Conversely, let P be a probability as in Deﬁnition on Mod(L). Then
there’s a probability P as in Definition on Sen(L) such that for every
¢ € Sen(L),

P () = P(Mod(y)).

Proof. Assume that P is a probability on Sen(£). Then we can define a map
p*: B — |0, 1] such that

p*(Mod(p)) = P(p).
Therefore:
e the domain of p* is an algebra;

e p* is non trivial (since P satisfies condition a) of Definition and
3) of Proposition [1.0.1])

e p* is finitely additive: indeed, if Mod(¢) and Mod(¢)) are disjoint, then
© and 9 are in contradiction. Therefore

p*(Mod(p) U Mod(¢)) = p*(Mod(p V )) = P(p V ¢))
= P(p) + P(¢) = p*(Mod()) + p*(Mod(¢)))

e p*is o-subadditive: indeed, if we have {¢;}ien, such that ;. Mod(;)
is an element of B, then exists ¢ such that |J;.y Mod(y;) = Mod(y).

By compactness, since | J;.y Mod(y;)U Mod(—¢) = Mod(L), we have n

such that |J;_; Mod(y;)UMod(—¢) = Mod(L) and therefore | J;, Mod(¢;) =

Mod(y).
Then by 7) of Proposition |1.0.1] we have

n

p*(Mod(y) U Mod(g;)) = P(\/ ¢:)

=1

< Z]P’ @) < Z ZP*(MOd(SOi))
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Therefore, we can apply Proposition to show that p* is a probability
(in the sense of Definition [I.1.1)) on B. By Theorem [1.1.1} it can be extended
to a probability P* on Mod(L£) and, by the way, p* was defined, P* satisfies
the required condition.

Let’s now assume that we have a probability P on the borelian o-algebra
of Mod(£). We can define P : Sen(£) — [0, 1] such that P (¢) = P(Mod(y)).
This is a probability in the sense of Definition Indeed:

a) if ¢ is valid, then Mod(yp) = Mod(£) and therefore

B (¢) = P (Mod(y)) = P(Mod(£)) = 1.

b) if ¢ and 1) are contradictory, then Mod(p) N Mod(¢)) = 0. Thus,

P (v ¢) =P(Mod(p V ) = P(Mod(y) U Mod(v)))
= P(Mod(y)) + P(Mod(¢)) =P () + P (1)

Hence, P is actually a probability on the £-sentences. [

1.2 Gaifman condition

Even if in the Definition [1.0.1] only a few properties mark a probability out,
we showed in Proposition that they are sufficient to prove some of the
features we want for such maps. By now, however, we don’t have any control
over the formula with quantifiers; the following definition tries to point out a
meaningful property in this sense. In the following p{z/t;} will be denoted
also by ¢(t;) when the variable which we are substituting is clear from the
context or irrelevant.

Definition 1.2.1. Let £ a countable language and {t;};cy an enumerationf’
of all closed terms in £. A probability P on Sen(L) satisfies the Gaifman
condition (we say that P is Gaifman) if for every ¢ with one and only one
free variable x, we have:

P(Jzyp) = sup{]P’(v @{z/t;})|I finite subset of N} (1.3)

Proposition 1.2.1. With the notation of the Definition the following
are equivalent:

3Since in Equation there is no reference to the order used to list the closed terms of
the language, it is easy to see that the definition doesn’t depend on the chosen enumeration.
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i) P is Gaifman;

i)
P(3rg) = lim P(\/ o{z/t:}) (1.4)

iii)
P(Vxyp) = inf{P(/\ o{x/t;})|I finite subset of N} (1.5)

i)
P(vzp) = lim P(/\ p{z/t:}) (1.6)

i<n

Proof. Let s be the right-hand-side of Equation [1.3] and [ the limit that
appears in item ii) of this proposition: we will prove that s = [. Combining
8) and 6) of Proposition we have for all ¢y, o € Sen(L)

P(p1 V p2) > P(p1),

and by induction we have that the succession {P(V,, p{z/ti})}nen is in-
creasing, therefore the limit exists and

L= lim P(\/ o{z/t;}) = supP(\/ o{z/t:}).

n—-+o00
i<n ne i<n

Since the sets of the form {0,1,...,n} form a subset of all the finite subsets
I of N, s > [. Now, for an arbitrary ¢, from the definition of sup, we have a
finite I C N such that s —P(\/,.; p{x/t;}) < e. If n is the maximum natural

number in I, then P(\/,.; p{z/t:}) < P(V ., p{z/t:}) and

s—P(\/ fo/t}) <=

<n
Therefore, as n approaches to +o0o we get
s—1<e

and, since ¢ is arbitrary, s < [. Hence, s = [ and from this we get that i) is
equivalent to ).
Analogously, i) is equivalent to iv).
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Suppose now that P is Gaifman. Using 1) of Proposition m De Mor-
gan’s laws and properties of sup,

P(Vzp) = P(=3z—p) = 1 — P(Fz—p)
= 1 — sup{P(\/ ~@{x/t;})|I finite subset of N}

i€l
=1 —sup{P(— /\gp{z/tz})H finite subset of N}
iel

=1—sup{l — ]P(/\ o{z/t;})|I finite subset of N}
i€l

=1-(1- inf{IP’(/\ of{x/t;})|I finite subset of N})
iel

= inf{]P(/\ ©{z/t;})|I finite subset of N}),

icl

where = points out where the Gaifman condition is used.
In a very similar way it can be shown that ) implies the Gaifman
condition, hence also i) and i) are equivalent, from which the thesis. O

Before carrying on the study of the Gaifman property, we want to dis-
cuss a bit further its meaning. Indeed, using the previous proposition, the
information about the value of dzy or of Vxp depends only on the values of
o{z/t;} when t; is a closed term. In some settings, this can be really useful,
and in others annoying; we are now giving two examples.

First, let’s consider having a coin that is tossed a countable number
of times and you want to study some arithmetical property of the tosses
sequence. Then you can introduce, in the arithmetical language Lpy =
{0, S,+, -}, some “empirical symbols” (see [1]) that refers to some accidental
properties of the tosses: for instance, monadic predicates H (x) and T'(z) such
that H(n) is interpreted as “ the n-th toss is head” and 7'(n) as “ the n-th
toss is tail”. If we want to describe in a more precise logical way what we are
studying, we are considering the standard model of arithmetic N endowed
with some interpretation of the empirical symbols we introduced. In this set-
ting, the conditions in the Definition make sense and also the Gaifman
one: indeed, the probability we should assign to JzH (x) should be related
to the values of all the H(n) where n € N and here all these elements we are
interested are interpretations of closed terms of the language (the element n
in the domain N is the interpretation of S™(0), a closed term of PA).

However, this can be not the case in general. Maybe we have elements
of a domain that can’t be expressed as interpretations of closed terms: for
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example, if we want to study R with a countable language, obviously only
countable elements can be described, hence, not all. Here the Gaifman con-
dition assumes another flavor and can seem unreasonable (if we adopt a
countable language)ﬁ

If we are interested in scenarios in which the Gaifman condition makes
more sense, then we can perform the whole route of the previous subsec-
tion but dealing not with models, but instead with “separating models”,
i.e. models that reflect the fact that a witness of the validity of dx¢ is the
interpretation in the model of a closed term.

Definition 1.2.2. Let 2 be a model for a language £. We call it separating
if for every formula ¢, with = as the only free variable,

A F Jxp iff exists a closed term ¢ s.t. A F p{z/t}.

From this definition more properties of separating models follow:

e assume that s and t are two terms with only the free variable z. In a
model 2, these terms can be interpreted as functions that assigns to
each d element of the domain of 2 an element of 2: suppose that in the
given model these interpretations are different. Then A satisfies that
dxs # t, hence if 2 is separating, this distinction appears also in the
domain of the interpretation of closed terms, i.e., exists a closed term
r such that t{z/r} and s{z/r} are interpreted in different elements in

2L
e assume that 2 is a separating model. Then

AEVrp iff A E =Fr—p
iff A Jz—p
iff for all closed terms t A ¥ —p{z/t}
iff for all closed terms ¢t A F o{z/t}.

Let’s contextualize better Definition [[.2.2] with some remarks.

Remark 1.2.1. If 2 is a model in which all the elemnts of the domain are
interpretations of closed terms of the language, then 2l is also separating:
this is the case, for instance, of the standard model of arithmetic N when we
consider the language £ = {0,S5}. However there are separating models in
which not all the elements of the domain are interpretations of closed terms.

4Tt’s not merely a problem of difference between cardinalities. Indeed, we have also
countable models for Lpa in which some elements can’t be described as interpretations of
closed terms (e.g. non-standard numbers in non-standard models of PA).
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We will show an example by giving a model 2 that is separating but not
countable: since the set of all the closed terms of a countable language is
countable, then there are some elements in the domain that can’t be inter-
pretations of closed terms, by cardinality issues. Consider £ = {0, S}, where
0 is a constant and S a function symbol and the standard model of arith-
metic N which is an infinite L-structure. By applying the Lowenheim-Skolem
Theorem to the theory of N, we get a model 2 of cardinality |R| which is
elementarily equivalent to N. Thus, some elements in the domain of this
model are not interpretations of closed terms, as explained above. However,
2l is separating because N is (since all the elements of the domain are inter-
pretations of closed terms). Indeed, if we have a sentence of the form Jzp
that holds in %A, by the elementary equivalence it holds also in N. Since N
is separating, there is a closed term t such that N E p{z/t}, hence by the
elementary equivalence, ¢{x/t} holds also in 2, from which the thesis.
Remark 1.2.2. There exist satisfiable sentences that don’t have any separat-
ing model. In the language £ = {0, S} EIWQ can define ¢ as the formula Jx1),
where ¢ := (x #Z0AVYy z # S(y)):

e (¢ is satisfiable: a model 2 for the sentence can be defined taking {a, b}

as the domain, where 0 is interpreted as a and the function symbol S as

the map that sends every element in a (this is the same model defined
in Remark |1.0.1])

e no separating model B satisfies ¢. Indeed, if there were such a 28, then
B E Jz1 and, since B is separating, it would satisfy ¢{z/t}, where ¢
is of the form S™(0) for some n € N. We can distinguish two cases and
every option yields a contradiction:

— if n = 0, then B F ¢¥{x/0} but this means that B F 0 #£ 0, a

contradiction;

— if n # 0, then B F {z/S(r)}, for some closed term r and this
means that B F YyS(r) # S(y), a contradiction.

Now we can consider, among the models of the language £, the set of
the separating ones that we denote with Mod(L). For any statement ¢, we

denote BZ()\cl(cp) the set of separating models of .

5We are considering this language for continuity with the previous and following exam-
ples. This choice, however, may deceive the reader and not let him grasp the actual role of
equality in questions about the existence of a separating model for a satisfiable formula .
There are examples of languages also without equality that allow such kind of sentence:
consider £ = {0, R} where 0 is a constant and R is a relational symbol. Therefore, the
only closed term is 0 and the formula 3z R(z) A —R(0) is satisfiable but not in a separating
model.
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Then, with the same notations used in the case of classical models, we
can define the following algebra on Mod (L)

B={ACMod(£):3p € Sen(L) A =Mod(¢)}
and take the generated o-algebra F (g) This is the same outcome that we
would get if we endow @(ﬁ) with the topology induced by the basis B
and then take the borelian o-algebra. The only main difference between the
setting of classical models and separating ones is that here, this topology is
not compact anymore as we show in the following example.

Example 1.2.1. Let’s consider the language £ = {0, S} and define ¢ :=
x # S(x). For every n, we define the model 2, having as domain the set
{ao,...,a,}, and:

e ( is interpreted as ao;
° S(ai) = a1 fori=0,...,n—1, and S(an) = Qn-

We define C; := Mod(/(5(0))) and D := Mod(Vat)%: these sets are
closed because they are complements of open sets in the topology 7 of
Mod(£) (C; = Mod(~:(S%(0)))°).

This provides an example in which compactness fails because:

e NienC; N D = (), since there is no separating model in which all the
¥(S%(0)) hold but Vae) doesn’t; so there is no separating model that is
in all the C;’s and also in D.

e for every n € N, M;<,C; N D # 0, since 2, is an element of this
intersection. Indeed, every element of the domain of 2, is an in-
terpretation of closed terms, hence it is separating. Furthermore, it
satisfies 1(S%(0)) for i < n but —¢)(S"1(0)), hence it is in N;<,C; and
in I\Zo\d(Elxﬂ@/)) =D.

Indeed, we can’t use the same argument as in the case of classical mod-
els, and the problem relies on the fact that if a sentence has no model, it
is contradictory, but this is not true anymore if the given formula has no
separating models: there could be a model (non separating) that satisfies
the sentence (see Remark [1.2.2)).

Even if the compactness was necessary in the proof of Theorem [1.1.2]
however, we have a similar result by adding the Gaifman condition. In the
following by a probability on Mod (L), we mean a probability on F(B).
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Theorem 1.2.1. With the notation used before, if P is a Gaifman probability

on L-sentences, then there’s a probability P* on Mod(L) such that for every
¢ € Sen(L),

P(p) = P*(Mod(y)).

Conversely, let P be a probability on Mo\d(ﬁ). Then there is a Gaifman
probability P on Sen(L) such that for every ¢ € Sen(L),

P () = P(Mod(y)).

Proof. In the following {t;};en will be an enumeration of the closed terms.

For the first part of the statement, since IP is a probability on £-sentences,
we can use the Theorem in order to obtain a probability P* on the
Mod(L) o-borelian algebra such that P(p) = P*(Mod(¢)). Now we notice

that Mod(L£) \ I\Z&i(ﬁ) is in F(B); indeed it can be described as follows:

Mod(£) \ Mod(£) = | (Mod(Jze;) N () Mod(—¢;(t)))).

ieN jeN

where {¢; }ieny an enumeration of all the £-formulas with one and only one
free variable and {t; };en is an enumeration of all the closed terms. From this,
it follows that F(B) C F(B) since for every ¢ € Sen(L)

Mod (i) = Mod(y) N Mod (L)
= Mod(p) N (Mod(£) \ Mod(L))".

Therefore it makes sense to consider P*(Mod(L) \M&i(ﬁ)) We can show
that this value is 0. Indeed, for every 7, we have

P* (Mod(Trp) 1 (| Mod(=pi(t,))) = lim P*(Mod(Jrey) 1 (7 Mod(—ei(1))))

Now, calling A = Mod(Jz¢;) and B, = [,,, Mod(—y;(t;)) we can note that
A® C B, because a model 2 in which Jz¢; doesn’t hold, can’t satisfy ¢;(t;)
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for any t;. Therefore, using that IP is Gaifman,

P*(Mod(Jzip;) N () Mod(~¢i())) = lim P*(ANB,)

n—-+o0o

jEN

— nEToo(P (B,) —P*(A°N B,))

= lim (P"(B,) - P*(4%)

- lir+n P*(B,) — P*(A°)

= HETEOOP(/\ —p;(t;)) — P(=3wep;)
i<n

= lim P(A ~ilt) — (Vo)
j<n

=0

Since a countable union of null measure sets has a null measure, P*(Mod(£)\
Mod(L)) = 0. Then, because F(B) C F(B), as we showed, we can restrict

P* to l\f&i(ﬁ) and we get P* that is a probability as we want.

The proof of the second part of the statement is similar to the one in the
Theorem [1.1.2] The only thing we should pay attention to is showing that
P is Gaifman. Let ¢ a formula with = the only free variable. Then,

Mod(3z¢) = U Mod((t)),

since if 2 is a separating model of Jz¢, then exists a closed term ¢; for which
2A E ¢(t;) and, conversely, if 2 E ¢(;), then A E 3z, for any ¢;. Therefore,
P (3rp) = P(Mod(3ry))
= lim P(|_JMod(p(t))

n—-+0o0o

<n
= lim P ,
lim (i\</n p(t:)
from which the thesis. O

In Remark [I.2.2] we presented a sentence ¢ that is satisfiable but that
doesn’t have a separating model. This means that —¢ is true in all the
separating models, but not valid. We next show that Theorem [1.2.1| implies
that such sentences always have probability 1.
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Corollary 1.2.2. Let P be a Gaifman probability and ¢ a L-sentence that
holds in all the seprating models. Therefore, P(¢) = 1.

Proof. Since ¢ is true in every separating model, l\fo\d(w) = l\fo\d(ﬁ). By
applying Theorem to P, we have a probability P* on Mod(L£) such that
for every sentence 1) holds that

P(4) = P*(Mod(v))).

Therefore, P(p) = @(M;i(\ﬁ)) and, by the properties of a measure-theoretic
probability, P*(Mod(L)) = 1. O

1.3 Non dogmatism

The Gaifman condition is an example of a property that can’t be derived
by the conditions that define a probability. Another important feature that
we want and that is not guaranteed by the definition of probability is non-
dogmatism. A dogmatic probability is a probability that may rule out (re-
garding them as impossible, or more precisely, with probability zero) some
statements that are satisfiable, and this can be very annoying. We formalize
non-dogmatism as follows.

Definition 1.3.1. A probability P on Sen (L) is called strongly non-dogmatic
or strongly Cournot if for every ¢ that is satisfiable, P(¢) > 0.

We have also a weaker notion of non-dogmatism that fits more in the
Gaifman setting, i.e. in settings in which the Gaifman condition seems rea-
sonable.

Definition 1.3.2. A probability P on Sen(L) is called non-dogmatic or
Cournot if for every ¢ that has a separating model, P(¢) > 0.

It’s natural to ask if there exist probabilities that meet the properties
encountered: the answer to this question is given by Theorem Theorem
3.2l and Theorem [[.3.3]

Theorem 1.3.1. Let L be a countable language. Then there is a probability
on Sen(L) that is Cournot and Gaifman.

Proof. Let {p;}ien be an enumeration of L-sentences that have a separating
model and let {%;};en be an enumeration of some (not all) separating L£-
models such that for every i € N, ; F ;.



1.3. NON DOGMATISM 25

We can consider then the mass function m : N — [0, 1] that assigns to
every i € N the value ¢ HQﬁ Since m(i) > 0 and ), ym(i) = 1, this
determines a probablhty ]P (in the measure-theoretical sense) on Mod (L)
that assigns to every A € F(B) the value

P(A) = > m().

{i:A;,€A}

By Theorem|1.1.2} P, induces a probability P, on Sen(L); this is Cournot
since every formula ¢ that has a separating model is a certain ¢; of the list
that appears at the beginning of the proof and therefore P,,(¢) > WM
Furthermore, IPm is also Gaifman, because according to the probability P,,,

the set Mod (L )\Mod( ) has null measure and, therefore restricting P, to a
probability on Mod(ﬁ) we get, by Theorem 1| that P,, is Gaifman. O

Before going on to discuss the existence of probabilities that have the
properties encountered before, we present a nice characterization of Gaifman
and Cournot probabilities.

Definition 1.3.3. Let {¢;}ieny be an enumeration without repetition of all
sentences that have a separating model. A probability P on Sen(£) has a
rigid mizture representationﬂ if there exist probabilities {P;};cn such that:

o P = Z+ 0 m; IP;, where m,; are positive real numbers that sum up to 1
(1 c. Zz 0 mi = 1)7
o for every i € N, P;(p;) = 1.

Proposition 1.3.1. Let P be a probability on Sen(L). Then P is Cournot
and Gaifman if and only if it has a rigid mizture representation and the P; of
the representation (if we use the notation of Deﬁm’tion are Gaifman.

Proof. Let {p;}ien be an enumeration without repetition of sentences that
are satisfiable in a separating model.

First we show that if a probability P has a rigid mixture representation
Z+ o MiPs, it is Cournot. Assume that ¢ has a separating model: then,
1 = @; for some i € N and P;(¢) = 1. From m; > 0 follows that

6 Actually we can choose also other values for m(i); the only properties we require for
the proof is that they are positive values and ), m(i) = 1

TA careful inspection of this definition points out that the property of having a rigid
mixture representation depends on the enumeration {p;};cn. It’s easy to show that the
definition is not ambiguous, since a probability that has a rigid mixture representation for
a given enumeration, satisfies the property with any other enumeration.
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If the P;’s are Gaifman, then also IP is so, since a linear combination of
Gaifman is Gaifman. Indeed, for every formula ¢ with no free variables but
x and an enumeration of the closed terms {t;};cn, we have

P(3zp) = Z m; P;(3xy)

— Z ml(nl_lglOo Pz(\/ e{z/t;}))

Jjsn

= lim (" mBi(\/ o{e/t})

Jj<n

= 1im B(\/ p{o/t,))
Jj<n
where the possibility of switching the limit and the summation is guaranteed
by the Monotone Convergence Theorem (for every i € N, the succession
{miPi(V;<, ¢{x/t;}) tnen is increasing as n becomes bigger).
Now, assume that we have a Gaifman and Cournot probability P and we
will find a rigid mixture representation for it. Considering the enumeration

{@i}ien of the sentences that have a separating model, let:

E:={ieN : g, starts with an even (zero included) number of = and
—p; is satisfiable in a separating model}
O :={ieN : ¢, starts with an odd number of = and

—p; is satisfiable in a separating model}.

To every ¢ € £ we can associate a unique ¢(i) € O such that Pe(i) = TP

Indeed, if 7 € £, —p; starts with an odd number of — and it is satisfiable
in a separating model, so it exists an index j (= ¢(7), unique because we don’t
have repetitions in the enumeration) such that ¢; = —¢;. This function c is
bijective since:

e it is injective because the enumeration is assumed to be without repe-
tition;

e it is surjective, because if j € O, then exists ¢ such that ¢; = =
and 1 starts with an even number of —. The formula 1 is satisfiable
in a separating model because, for being j € O, —; is satisfiable in a
separating model and —p; = 1. Hence, there exists ¢ € N such that

=1 and —y; is equivalent to ¢;, so —y; is satisfiable in a separating
model. Therefore i € £ and ¢(i) = j.
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If an index ¢ doesn’t belong to £ U O, it means that —p; is not satisfiable
in a separating model, therefore ¢; holds in all separating models. We can
define then

T :={i € N : @; holds in all separating models}

and we get in this way a partition of N in the subsets £, O and T.
We now define P; in different ways, according to the subset in which the
index ¢ belongs:

e if 4 € &, since p; V —p; holds in all models, then for any formula 7 in
Sen(L), we have

P())

P( A (05 V =)

(VA i) +P(p A —;)
(

(

VYli) P(pi) + P(]=0:) P(—;)
V]pi) P(pi) + P(]@esy) Poes)-

We can define P; := P(—|p;) and Py := P(—|@cs): in this way, for all
Y € Sen(L) it holds

Since c is bijective, this is a definition not only for the indices in £ but
also for the ones in O. Thus, denoting p; the value P(p;) for j € EUO,
we have that, if i € £, then

P
P
P

P = p; Ps +pes) Pegiy -

e if 1 € T, then ¢; holds in every separating model. Since P is Gaifman,
this means that P(¢;) = 1, by Corollary Thus, for all ¢ € Sen(L)
it holds

P(y) =P A (@i V i)

(
(VN pi) + P A —g;)
(
(

Y]pi) P(0:)

P
=P

where in = we use that P(—p;) = 0 and, therefore, that P(¢) A—yp;) = 0.
Defining P; := P(—|y;) also in this case, we have for every i € T that
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Consider now a function r : £ — [0, 1] such that ), . (i) = 1. Then, for
all 1) € Sen(L) we have

= Z 7(8) (pi Pi(Y) + pegiy Peiy (V) (1.7)

€€

= Y 2mPy(y),

JjEEVO

where j € £, m; = %r(j)pj, while for j € O, m; = %r(c_l(j))pc(j).

In the same way, if we choose some m; € [0, 1] for every i € T, such that
ZieT m; = %’ we get

P(y) = > 2miPi(v). (1.8)

Using Equation (1.7) and ((1.8)), we have for a generic

1 1

P(y) = §P(¢) t3 P(v)

= B+ Y 2By ()

€T JEEVO

=> miPi(W) + Y myPi()
€T jEEUO
Hence, we have the thesis noticing that:
e for every i € N, P;(¢;) = P(wilp:) = 1;

e P, is Gaifman for every ¢+ € N. This is a fact that holds for a generic
sentence 1 (in which, therefore, there is no free variables): if P is
Gaifman and P(¢)) > 0, then P(—|¢) is Gaifman. Indeed, for a sentence
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Jzp and for an enumeration of closed terms {¢;};cn, we get

P(Jzp A )
P(y)
PEz(p A Y))
P(¢)

- lim,, 4o P(ngn(SD N @/)){x/t]})
- P(v)
B limy, 4o P(\/jgn plx/t;} A1)
- P(v)
~ lim P(\/]‘gn e{x/ti} AY)

n—-+00 P(¢)
= lim P(\/ o{z/t;}v).

j<n

P(3zp|y) =

]

Theorem 1.3.2. Let L be a countable language. Then there is a probability
on Sen(L) that is strongly Cournot.

Proof. Let {p;}ien be an enumeration of L-sentences that have a model and
let {2, };en be an enumeration of £-models such that for every i € N, 2; F ¢;.

As in the Theorem [1.3.1] we can consider the mass function m : N — [0, 1]
that assigns to every ¢ the value m It determines a probability P,
on Mod(£). By Theorem [1.1.2 P,, induces a probability P,, on Sen(L);
this is strongly Cournot since every satisfiable formula ¢ is a certain ¢; of
the list that appears at the beginning of the proof and therefore P ,,(¢) =
GG .

If we are in a context in which the Gaifman condition seems reasonable,
the right notion of non-dogmatism appears to be the Cournot one. However,
it is still interesting that we can’t have in some settings a probability that is
both strongly Cournot and Gaifman.

Theorem 1.3.3. There is no strongly Cournot and Gaifman probability on
the language L = {0, S}, with 0 constant and S function symbol.

Proof. In Remark we provided a formula ¢ (x) := (x # 0AVyz # S(y))
such that for every n € N, \/,, ¥(S°(0)) is unsatisfiable even if 3z1)(z) has
a model.
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Therefore, since every closed term ¢t is of the form S%(0) for some i € N,
for every enumeration {¢;};cy of closed terms of the language and for every
n €N, V,., ¥(t;) is unsatisfiable.

If P is strongly Cournot and Gaifman on Sen(L), we have:

e for being strongly Cournot, P(3z¢(x)) > 0 because the sentence is
satisfiable;

o for being a probability for all n € N, P(\/,, ¥(t;)) = 0 because the
sentence \/,, 1(t;) is unsatisfiable;

e for being Gaifman,

P(Fz(x)) = lim P(\/ ¢(t:)).

n——+o0o
i<n

These three conditions yield a contradiction. O]
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